Abstract. Let (R, m) be a Noetherian local ring of dimension d > 0 and depth R ≥ d − 1. Let Q be a parameter ideal of R. In this paper, we derive uniform lower and upper bounds for the Hilbert coefficient ei(Q) under certain assumptions on the depth of associated graded ring
Introduction
Let (R, m) be a Noetherian local ring of dimension d > 0 and Q an m-primary ideal of R. Let λ R (M ) denote the length of an R-module M. The Hilbert-Samuel function of Q is defined as H(Q, n) = λ R (R/Q n ) for n ∈ Z. It is well known that H(Q, n) coincides with a polynomial P (Q, n) of degree d for all n ≫ 0. The polynomial P (Q, x) is called the HilbertSamuel polynomial of Q. We may write P (Q, x) = e 0 (Q)
for unique integers e i (Q) known as the Hilbert coefficients of Q.
In the classical case of a Cohen-Macaulay local ring, relations among various Hilbert coefficients and bounds for them have been explored by several authors. Northcott's inequality [Nor60] e 1 (Q) ≥ e 0 (Q) − λ R (R/Q) is one of the first results in this direction. It was improved by M. E. Rossi in [Ros99] . Several bounds on e 1 (Q) in terms of e 0 (Q) exist in literature, see [Eli05] , [Eli08] , [HH12] , [RV10] and [RV05] . For example, Rossi and Valla in [RV10, Proposition 2.10] proved that e 1 (Q) ≤ e 0 (Q)−k+1 2 where Q ⊆ m k . Such bounds are useful for examining the finiteness of Hilbert functions of ideals with fixed multiplicity, see [ST97] . With R Cohen-Macaulay, it is known that e 1 (Q) and e 2 (Q) are non-negative, due to Northcott [Nor60] and Narita [Nar63] respectively. However the higher coefficients are not necessarily non-negative. Marley [Mar, Example 2.3] gave an example of a Cohen-Macaulay local ring and an m-primary ideal Q with e 3 (Q) < 0. The higher coefficients are not yet explored much except when the associated graded ring have high depth. By depth of a standard graded ring with a unique graded maximal ideal, we mean the grade of the unique maximal ideal. Let G(Q) = ⊕ n≥0 Q n /Q n+1 denote the associated graded ring of Q. Marley [Mar, Corollary 2.9] showed that in a Cohen-Macaulay local ring, e i (Q) ≥ 0 for 0 ≤ i ≤ d provided depth of G(Q) is at least d − 1.
The case when R is not Cohen-Macaulay is quite different. Let Q be a parameter ideal of R hereafter. In this paper, we find uniform lower and upper bounds for the coefficients e i (Q) for 2 ≤ i ≤ d. In [MSV11, Theorem 3.5], Mandal, Singh and Verma proved that
In the same paper, she proved that e i (Q) ≤ 0 for 2
We improve upon Mccune's result by relaxing the hypothesis to depth G(Q) ≥ d − 2. If depth G(Q) ≥ d − 1, we provide a uniform lower bound for e i (Q) which is independent of Q. Let H i m ( * ) denote the i-th local cohomology functor with support in the maximal ideal m. Goto and Ozeki [GO11, Theorem 3.2] showed that in two dimensional local ring with depth R ≥ 1, −λ R (H 1 m (R)) ≤ e 2 (Q) ≤ 0. We extend their result to rings of dimension d and depth at least d − 1. Our proofs are essentially inspired from the methods developed in [GO11] .
and R * = R * (I) = ⊕ n∈Z I n t n ⊆ R[t, t −1 ] denote the Rees algebra and the extended Rees algebra respectively of an ideal I. We put M = mR + R + where R + = ⊕ n>0 R n is the irrelevant ideal of the Rees algebra R. Let [T ] n denote the n-th graded piece of a graded R-module T . This paper is organized as follows.
In Section 2, we discuss some lemmas concerning the local cohomology modules H i M (G(I)) of G(I) with support in M for an ideal I. These results mainly develop the setting for the proofs of our main results in subsequent sections. The content of this section is very basic but we include them for clarity.
In Section 3, we prove that
As a consequence, we prove the following theorem. Theorem 1.1. Let (R, m) be a Noetherian local ring of dimension d ≥ 3 and depth R ≥ d − 1. Let Q be a parameter ideal. Then e 3 (Q) ≤ 0.
For the higher coefficients e i (Q), we are able to prove the following result. Theorem 1.2. Let (R, m) be a Noetherian local ring of dimension d ≥ 2 and depth R ≥ d − 1. Let Q be a parameter ideal of R.
(
In Section 4, we discuss the vanishing of the last coefficient e d (Q). In [GO11, Theorem 3.2], Goto and Ozeki found a necessary and sufficient condition for the vanishing of e 2 (Q) in rings of dimension two and depth at least one. We generalize their result in two directions. In Theorem 4.1, we find a necessary condition for the equality e d (Q) = 0 provided depth We refer to [BH98] for undefined terms.
Preliminary results
In this section, we discuss few lemmas which are the key steps for the results of subsequent sections. For this section, let I ⊆ m be an arbitrary ideal of R. We have
It is well known that there exists m I ∈ Z such that
= 0 for all n ≥ m I and for all i ∈ Z. For an element 0 = x ∈ R, let x * denote the initial form of x in G(I), i.e. the image of x in G(I) i where i is the unique integer such that x ∈ I i \ I i+1 .
Lemma 2.1. Let R be a Noetherian local ring and I an ideal of R. Let x 1 , . . . , x r ∈ I \ I 2 such that x * 1 , . . . , x * r is a regular sequence in G(I).
By putting i = 1 in (3), we get the result for r = 1.
Suppose r > 1 and the assertion holds for r − 1. Since x * 1 , . . . , x * r is a regular sequence in
Now let 1 ≤ j ≤ r. We may assume that j > 1. Then (3), (4) and (5) with
The next lemma relates the local cohomology of Rees algebra and the associated graded ring.
Lemma 2.2. Let R be a Noetherian local ring and I an ideal of R. Then 
Since [H i R + (G(I))] n = 0 for all i ∈ Z and for all n > m I , we get from exact sequence (7) that
] n for all n > m I and for all i ∈ Z. Further by exact sequence (6), we have
for all n ≥ 0 and i ∈ Z. By (8) and (9), [H i (1)] n = 0 for all n > max{m I − 1, −1} and i ∈ Z. Now by exact sequence (7), we get that
We set
The next lemma plays crucial role in most of our proofs. We show that given a parameter ideal Q with
Recall that a reduction of an ideal I is an ideal J ⊆ I such that I n+1 = JI n for some n ≥ 0. A minimal reduction of I is a reduction of I which is minimal with respect to inclusion. For a minimal reduction J of I, reduction number of I with respect to J, denoted by r J (I), is the least non-negative integer n such that I n+1 = JI n . For an ideal I, let µ(I) denote the minimal number of generators of I.
Lemma 2.3. Let R be a Noetherian local ring of dimension d ≥ 2 and depth
Then the following assertions hold.
(a) For all l ≫ 0,
Proof. We may assume that the residue field R/m is infinite.
is a superficial sequence with respect to I and
To see the above equality, note that I d = Q ld is generated by monomials in x 1 , . . . , 
for all n ≥ 1 and i ∈ Z, for all n = 0 and 0 ≤ i ≤ d − 3, for all n ≥ 0 and i = d.
Proof of Claim. We apply induction on i.
So depth(G(I)) ≥ s + 1 and y * 1 , . . . , y * s+1 is a regular sequence in G(I). By Lemma 2.1,
M (G(I))] 0 = 0 by (13). This completes the proof of the claim.
By above claim, 
3. Bounding the Hilbert coefficients
In this section, we obtain bounds on the coefficients e i (Q) for a parameter ideal Q in a ring of depth at least d − 1 with certain conditions on the local cohomology modules of G(Q). We show that the last coefficient 
Proof. We may assume that the residue field is infinite. Let Q = (x 1 , . . . , x d ) such that x * 1 , . . . , x * d is a superficial sequence. For an integer l ≫ 0, we put I = Q l . By Lemma 2.3(a), (14) [H 
] n = 0 for all n ≥ 1 and i ∈ Z. Therefore by Lemma 2.2 and (15), we get
where the last equality holds due to (14). This implies 
Proof. We may assume that the residue field R/m is infinite. Let Q = (x 1 , . . . ,
The following example emphasizes that the depth condition on the ring is necessary in the above corollary. This example is motivated by the idea presented in [GO11] .
Example 3.3. Let (R, n) be a regular local ring of dimension d ≥ 2 and X 1 , . . . , X d a regular system of parameters of R. We put p t = (X 1 , . . . , X d−t ) for some 1 ≤ t ≤ d − 1 and D = R/p t . Let A = R ⋉ D be the idealization of D over R. Then A is a Noetherian local ring dimension d with the maximal ideal m = n × D and depth A = t. Consider the exact sequence of A-modules
where j(x) = (0, x) and p(a, x) = a. Note that D is an A-module via p. Let Q be a parameter ideal in A and q = p(Q) ⊆ R. Then we have,
for all n ≫ 0. This implies Proof. We may assume that R/m is infinite. Then using reduction modulo superficial elements, it is enough to assume that d = 3. The result now follows from Theorem 3.1.
The following example shows that the assumption on the depth of the ring can not be relaxed from Theorem 3.4.
Example 3.5. [GO15, Example 4.7] Let (S, n) be a regular local ring of dimension d = 4 with infinite residue field S/n. Let X, Y, Z, W be a regular system of parameters of S and R = S/((X) ∩ (Y 3 , Z, W )). Let x, y, z, w be the images of X, Y, Z, W in R respectively and m = (x, y, z, w)R be the maximal ideal of R. Then dim R = 3, depth R = 1. Let U = (x), Q = (x − y, x − z, x − w)R and T = R/(x). Then T is a regular local ring with dim T = 3 and QT = mT . The following exact sequence
for all n ≫ 0. We have (x) ∼ = R/I where I = (y 3 , z, w)R and Q(R/I) = m(R/I), so e 0 (Q, U ) = e 0 (m, R/I) and e 1 (Q, U ) = e 1 (m, R/I). The Hilbert series of the associated graded ring G(m(R/I)) is 1 + t + t 2 1 − t Hence e 0 (Q, U ) = e 0 (m, R/I) = 3 and e 1 (Q, U ) = e 1 (m, R/I) = 3. By (19), we get e 3 (Q, R) = 3 > 0.
The following lemma is crucial for obtaining lower bound on e i (Q). We also obtain a necessary condition for the vanishing of e d (Q) in Theorem 4.1 as an application of this lemma. 
Using (20) and Lemma 2.1 respectively, we get that
defined as ρ(x) =xt d−1 wherex andxt d−1 are the images of x ∈ R in R/(y 1 , . . . , y d−1 ) and
It is now enough to show that ρ is an isomorphism. To show surjectivity, let
Proof of Claim. Let x ∈ ((y 1 , . . . , y d−1 ) : This completes the proof.
Theorem 3.7. Let (R, m) be a Noetherian local ring of dimension d ≥ 2 and depth
. . , y * d is a superficial sequence with respect to I and (24)
By Lemma 2.3, for l ≫ 0, depth 
gives the long exact sequence of local cohomology modules
Putting the values of i successively, we get
Proof. We may assume that the residue field R/m is infinite. Let Q = (y 1 , . . . , y d ) such that y * 1 , . . . , y * d is a superficial sequence in G(Q). We include an example where (27) does not hold. 
